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Abstract — Spring isolators systems are commonly
used in a variety of ways in today’s construction
industry. They are an essential part of the design of
many mechanical systems that are in need of
absorbing and dissipating unwanted vibrations. In
the construction industry, vibration isolation
systems have been installed without completely
understanding how these systems are selected. The
goal of this paper is to create a tool that will make
the selection process easier for designers and
installers. A Matlab© [1, 4] computer program
will be created to give graphical models of the
steady state vibrating motion of an Air Handling
Unit (AHU) with a selected vibration isolation
system. The program will be able to simulate any
model with the phenomena of a vibrating rigid body
on a resilient supported element which will be
caused by a vibratory force, or moment, that is
generated within the body, creating unbalance.
This program will also be able to calculate the
natural frequencies of the mode in order to make
sure that it will not cause the model to fall under
the unwanted effect of resonance that will
eventually cause our model and its supports to fail.

Key Terms — lIsolators, Natural Frequency,
Resonance, Vibration Isolation.

VIBRATION AND FREE RESPONSE

The physical explanation of the phenomena of
vibration concerns with the interplay between
potential energy and kinetic energy [2]. The degree
of freedom of a system is the minimum number of
displacement coordinates needed to represent the
position of the system’s mass at any instant of time
[2]. Since we are dealing with a 3D system, our
model contains 6 degrees of freedom. Free response
refers to analyzing the vibration of a system
resulting from a nonzero initial displacement and/or

velocity of the system with no external force or
moment applied [2].

For a mass and spring combination the
equation of the force that is applied to the spring
(fi:) in order to move the mass is lineally related to
the compressed distance. For displacement in the x
direction,

fi = kx )

where k is the spring stiffness and x is the
displacement of the mass in the x direction. A

spring of stiffness & will store the amount of 5 Ky

as potential energy.

In the case of a mass and spring combination
moving on a frictionless surface in a horizontal
orientation and considering all the forces acting
along the x-direction yields to,

m#(t) = —kx(t) or m#(t) + kx(e) =0 2

where #(t)is the second derivative of the
displacement with respect to time.

The solution this periodic motion based on
physical observation and experience from watching
this mass and spring system is,

x(t) = Asinfaw,t + @) 3)

where A is the amplitude of the displacement, &y, is
the angular natural frequency which determines the
interval in time during which the function repeats
itself, and ¢ is the phase which determines the
initial value of the sine function [2]. Referring to
this paper, time £ will be measured in seconds (s),
the phase in radians (rad) and the angular
frequency, wy, in radians per seconds (rad/s) which
is calculated with the physical properties of the of
the mass (1) and spring stiffness (k),
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The frequency measures in hertz (Hz) or cycles
per seconds (cycles/s) is calculated by,

fo=3 5)

By differentiating the equation (3) yields to the
velocity which is given by,

#(t) = wyA cos{wyt + @) (6)

differentiating once again yields to the acceleration
that is given by,

#(t) = —wy 24 sinfw,t + @) (7

The constants of integration, A and ¢, need to
be evaluated with the initial state of motion of
system. At time equal to zero (t = 0), £y, the mass
is displaced a distance x and the initial velocity is
¥y.  Substituting the initial conditions into the
equations of motion yields to,

xp = x(0) = Asin(w, 0 + @) = 4 sin(g) (8)

vy = #(0) = wyd coslw,0 + ¢) = w, A cos(g)
9)

VI1scous DAMPING

Real tests and observations do suggest that the
spring-and-mass model equations have to be
modified in order to account for the decaying
motion that occurs in real life. By adding a term to
the equation of motion in the form of,

fi = cx(t) (11)

where ¢ is called the damping coefficient with units
of force per velocity.

By making a force balance on the mass, the
equation of motion in the x-direction x(t) yields to,

m#(t) +cilt) + kx(t) =0 (11)

In order to solve Equation (11) a particular
solution in the form of =x(t) = ale™ is chosen.
Substituting this solution into the equation of
motion gives,

(mA*+cl +klae™ =10 (12)

since ae™® cannot be equal to zero, then,

mi*+cl +k=0 (13)
To solve this second order differential

equation, the quadratic equation is used in which it
yields to two solutions,

B N =y ey
M

am — 2

Az =-— (14)

Examination of this expression indicates that
the root 4 will be real or complex depending on the
value of the discriminant, 4/c% — 4km [2]. As long
as mt, ¢, and & are positive real numbers, 4, and
Azwill  be distinct
if e —4km =0 [2].
negative, the roots will be a complex conjugate pair
with negative real parts [2]. If the discriminant is
zero, the two roots 4; and 15 are equal negative real
numbers [2]. For these three cases, the critical
damping coefficient, ¢, is defined as,

negative real numbers

If the discriminant is

—_—

Cor = 2wy, = 24 km (15)

The non-dimensional number { is called the
damping ratio and is defined as,

(16)

ROTATING UNBALANCE

Common sources of harmful vibrations are
created by rotating machinery. Many machines and
devices have rotating components, usually driven
by electric components [2]. Some irregularities in
the distribution of mass in the rotating component
can cause substantial vibration [2]. This is called
rotating unbalance [2].

Pictured on Figure (1), the frequency of
rotation of the machine is denoted by the ., the

unbalance mass as my, and the distance from the
center of rotation as 2. By making a force balance

in the vertical direction, the free body diagram yield
to,



myGi + %,) = —F, an

and summing the forces, in the vertical direction,
from the free body diagram of the machine yield to,

(m—mylf =F —cif —kx (18)
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Figure 1
Model of a Machine Causing Support Motion [2]

Combining this two Equations (17) and (18)

yields to the equation of motion,
mi +mpx, +exd +hkx =0

(19)

By setting x, = esin{w,. £} and assuming that
the machine is rotating at a constant frequency, .,
then,

#,= —8 w, sin(w, t) (20)

Substituting Equation (20) into Equation (19)

the equation of motion yields to,
mi + cF + kx = my e w,” sinlw, t) (21)

Using the particular solution in the form of,

.r_ﬂ{t] = Xcos( w,t+ &) (22)
where r is the frequency ratio denoted by,
r=— (23)

liiy

the amplitude of the steady state displacement, X,
and the phase angle, &, are given by,

my & re

(24)

_—
m o (1-r2)24(27r)2

(25)

VIBRATION OF A RESILIENTLY
SUPPORTED RIGID BODY

The following sets of equations define the
motion of a rigid body on linear massless resilient
supporting elements for various degrees of freedom
and dynamic excitations. These six equations are
solved simultaneously with numerous terms.

System of Coordinates

In this paper, will be discussing the phenomena
of a vibrating rigid body on a resilient supported
element which is caused by a vibratory force or
moment that is generated within the body. The
motion of the rigid body is referred to a fixed
“inertial” frame of reference represented by a
Cartesian coordinate system ¥, ¥, Z [3]. A similar
system of coordinate X.Y.Z fixed in the body has
its origin at the center of mass [3]. The
translational displacements of the center of mass of
the body are x..¥.z. in the X, ¥,Z direction,
respectively and the rotational displacements of the
center of mass of the body are characterized by the
angles of rotation a. £. ¥ of the body axes about the
in the X, ¥, Z axes respectively [3]. Therefore, the
displacement of a point & in the body (with
coordinated by by.b; in the X.¥.Z directions,
respectively) are the sums of the components of the
center of mass displacements in the direction of
X ¥, axes plus the tangential components of the
rotational displacements of the body [3],

Xp=x+ 53.3_5_1'5 (26)
Yo =¥ — bra+ by (27)
Zy =z, — by + bya (28)

Equations of Small Motion of a Rigid Body

The equations of motion for the translation of a

rigid body are given as,
mi. =F,

(29)

my, = F, (30)



m#, =F, (31)

where m is the mass of the the body, F, Fy, F; are
the sumation of all the forces acting on the body,
and ., ¥, £, are the accelerations of the center of
mass in the X, ¥, Z direction, respectively [3]. The

equations of motion for the rotation of a rigid body
are,

Iyt _IIJ-'.E‘_IH'F =M, (32)
—l b +I}.}._.G‘—I}.zii: M, (33)
—lppii — *r}'x.'r-‘" +1V =M, (34)

where &, #,# are the rotational accelerations about
the X.¥.Z axes My, M, M; are the summation of
torques acting on a rigid body about the X, ¥.Z
axes, respectively, and
Low Loy Lgs Lo Loys Lgs Ligs Ip 1o are the
moments and products of inertia of the rigid body
[3].
Internal Properties of a Rigid Body

The properties of a rigid body that are

significant in dynamics and vibration are the mass

(or center of gravity), the moments of inertia, and
the direction of the principal inertial axis [3].

Mass

The mass of a body is calculated by integrating
the product of mass density 2(¥)} and elemental

volume gV over the body [3],

m = [ pV) dV (35)

Center of Mass

The center of mass (or the center of gravity) is
the point located by the vector,

= i]ﬂmr{m] dm

(36)

where r{m) is the radius vector of the element of
mass dm [3]. The center of mass of the body in a
Cartesian coordinate system X. ¥, Z is located,

X = 5 [ XW)p(¥) av (37)
V.= i I ¥(¥)p () av (38)
Z.= i [, 207) p(¥) dv (39)

where X(V7), ¥V, Z(V) are the X.¥. 2 coordinates
of the element volume d¥and m is the mass of the
body [3].

Moment and Product of Inertia

The moments of inertia and products of inertia
of a rigid body with respect to the orthogonal axes
X.¥.Z fixed to the body are,

L = [ (V2 4+ 2% dm (40)
Iy = [ + Z%) dm (41)
Iy = [ (X + ¥ dm (42)
Ly = [LXY dm (43)
Ig = [, XZ dm (44)
I =[.¥Z dm (45)

where dm is the infinitesimal element of mass

located at the coordinates X.¥.Z, and the

integration is taken over the mass of the body [3].
Properties of Resilient Supports

A resilient support is considered to be a three
dimensional element having two terminals or end
connections [3]. When the end connections are
moved one relative to the other in any direction, the
element resists such motion [3]. Here, the element
is considered massless, the force that resists relative
motion across the element is considered to consist
of a spring force that is directly proportional to the
relative displacement (deflection across the
element) and a damping force that is directly
proportional to the relative velocity (velocity across
the element) [3]. Such element is defined as a
resilient support [3]. The principal elastic axes of
the resilient element are those axes that for which
the element, when unconstrained, experiences a



deflection collinear with the direction of the applied
forces [3].

In dynamics, the rigid body sometimes vibrates
in modes that are coupled by the properties of the
resilient elements well as their location [3]. If a
rigid body experiences a static displacement in the
x direction, of the X axis only, a resilient element
opposes this motion by exerting a force k... x on the
body in the direction of the X axis, where one
subscript of the spring constant indicates the
direction of the force exerted by the element and
the other subscript indicates the direction of the
deflection [3]. If the X direction is not a principal
elastic direction of the element and the body
experiences a static displacement x in the X

direction, the body is acted upon by a force ky,x in

the ¥ direction if no displacement ¥ is permitted
[3]. The stiffness has reciprocal properties;
kyx = kxy [3].  Therefore, the stiffness of a

resilient element can be represented pictorially by
the combination of three mutually perpendicular,
idealized springs oriented along the principal elastic
directions of the resilient element [3]. Each spring
has stiffness equal to the principal stiffness
represented [3].

A resilient element is assumed to have
damping properties such that each spring
representing a value of principal stiffness is
paralleled by an idealized viscous damper, each
damper representing a value of principal damping
[3]. Hence, coupling through damping exists in a
manner similar to coupling through stiffness [3].
Consequently, the viscous damping coefficient ¢ is
analogous to the spring coefficient k; i.e., the force
exerted by the damping of the resilient element in
response to a velocity * is ¢, % the direction of the
X axis and ¢y, in the direction of the ¥ axis if ¥ is
zero [3]. Reciprocity exists; i.e., £yx= £z [3].

The point of intersection of the principal elastic
axes of a resilient element is designated as the
elastic center of the resilient element [3]. The

elastic center is important since it defines the
theoretical point location of the resilient element for

use in the equations of motion of a resiliently
supported rigid body [3]. For example, the torque
on the rigid body about the ¥ axis due to a force
k.. x transmitted by a resilient element in the X
direction is k,.a;x, where a is the £ coordinate of
the elastic center of the resilient element [3].

Equations of Motion for a Resiliently Supported
Rigid Body

The differential equations of motion for the
rigid body are given,

m#, =F, (46)
my, = F, (47)
m#, =F, (48)
Lpli — Ly B = Ia¥ = M, (49)
—Lppli + L B — 15 = M, (50)
Al — Iy B+ ¥ = M (51)

where the F’s and M’s represent the forces and
moments acting on the body, either directly or
through the resilient supporting elements [3]. A
rigid body at rest with an inertial set of axes ¥, ¥, Z
and a coincident set of axes fixed in the rigid body
can have both sets of axes passing through the
center-of-mass [3]. A typical resilient element is
represented by parallel spring and viscous damper
combinations arranged respectively parallel with
X ¥.Z axes[3]. Resilient element can also with its
principal axes not parallel with X, ¥, Z [3].

The displacement of the center-of-gravity of
the body in the X ¥.Z directions is indicated
by x..%. z;, respectively; and rotation of the rigid
body about these axes is indicated by . 8.y,
respectively [3]. Each resilient element is
represented by three mutually perpendicular spring-
damper combinations [3]. One end of each such
combination is attached to the rigid body; the other
end is considered to be attached to a foundation
whose corresponding translational displacement is
defined by w.w.w. in the X, ¥.Z directions,



respectively, and whose rotational displacement
about these axes is defined by @. 8. ¥, respectively
[3]. The point of attachment of each of the
idealized resilient elements is located at the
coordinate distances a,.ay. a; of the elastic center
of the resilient element [3].

Consider the rigid body to experience a
translational displacement x, of its center-of-
gravity and no other displacement, and neglect the
effects of the viscous dampers [3]. The force
developed by a resilient element has the effect of a
force —ky,(x,—u) in the X direction, a moment

Kyp(x,—uja, in the ¥ coordinate (about the Z

axis), and a moment —k,,(x,—ula; in the §

mi; + Ecxx{-fr —a)+ Thpy I:-]"r —u)

coordinate (about the ¥ axis) [3]. Furthermore, the
coupling stiffness causes a force —ky (x; —u) in
the ¥ direction and a force —k,z (x. —u) inthe 2
direction [3].
Ky (X — u)ag in the =«

These forces have the moments

coordinate;
—hyy (x, —ulay, in the ¥  coordinate;
kxx {.rr - 'u:]ﬂx |n the E

—kyz (x;—u)a, in the = coordinate [3]. By

coordinate; and

considering in a similar manner the forces and
moments developed by a resilient element for
successive displacements of the rigid body in the
three translational and three rotational coordinates,
and summing over the number of resilient elements,
the equations of motion are written as follows [3].

+ Eﬂx}' {:I-I‘L- - 1::':] + kl'}'{}‘l.' - U:] + El:‘xz{zlf - “"":I + Elri:xx{zf - 1'1"':]
+ E{':rxﬂ'}' - Cx_}'ﬂ'x}':d — i) + E{kxxﬂ'}' - kx_].' ax}':rx —a) + EI:':;'.'r:r'ﬂ'x - Cxxa'x:]{_g _Jg}
+ E{er Gy — er E‘x:l{ﬁ - JE:] + E{ijﬂ'x - Cxxﬂ'}'}{f - T:] + E{kx}' Oy — kxxﬂ'}'}{T - T:]

=k

(52)

Ixx& - I.r_].'.'[?‘ - Ixxj-’l' + E{':'xxu'}' — Cxy u'x}{-fr - u:] + E{kxz Oy — k.r].' ﬂz}{xr - u:]
+ (e, 0, — oy )G — ) + 2k, 0, — kypap )0 —v)
+ E{':xxﬂ'}' - C}'xﬂx}{zlr —wl+ E{kxxuj; - k}'xa‘x}{zr —w)
+ E{c}.}. a;” + €zz0," — EE}.an.ux}{d — i)+ E{k}.}. ;" +kga,0 — 2k qa, a; )(a — a)

kN
+ g{cﬂu}. Oy T Cypplyly—Cpplyply —

cr}'ﬂz:}{g - ﬁ'}

+ E{er oz + k}'xﬂxﬂx_kxxﬂra}' - k.r_].' u‘x:}{ﬁ‘ - JE:]

+ E{C‘r}. @y Oz + Cyzlly Gy —Cyy Oyly — Cxxﬂj-:}':?" —¥)

+ E{kr}' ayay + kyzaya,—kyyaa; —kyay : }':T' —y)=M,

mye + Doy (o, — 00) + Theyy, (. — )

(83)

+ Loy, (¥, — 0) + Thy, O — 1) + Ty, (o — ) + Thy (2, —w)
+ E{c}.xa}. — Cyy ax}{d — &)+ E{k}.xa} - k}.}. u.x}':u: —m+ E{.::'r}. ay — c}.xax}{.[? - ﬁ'}
+ E{kr}' By — k}'xa‘x}{.ﬁ - JE:] + E{ﬂ}'_}' By — Cyy E‘_}'}{']'I' - T:] + E{k}'}' By — kr_].' a‘_}'}{T - T:]

=

(54)



Lyl + Ly B — Lo ¥ + Zleantz — Crpay) G — 4) + Tk — kypay )z — )
+ E{f"x_].' Gy — C_].'xﬂ'x}b:} - 17"] + E|['r‘:.1:_].' fy — k_}'xﬂ'x}{yc - 1;'] + E{cxx Gy — Czz E‘x]{i: - 1""]
+ Dk @y — Kpp )z — W) + (0,8, + €y20,8,—Cop0,8, — £4y0,%) (@ — &)
+ E{er ayaz + k_].xﬂ'xﬂ'x KozOplly — Ky O }{“ — al
200 ® + 52007 — 2630,0,)(8 — B) + T 07 + kg 07 — 2K5 0,0,)(8 — )
+ E{cr_}. Oy 8y + Crglly Oy —Cpply O — C_}-xﬂxz}':ﬂ:' — T]
+ 2(key 0,0 + Kag ey —Kuxaya; — Kyz, )y =) = M

(55)

mE, + Tep (F, — ) + Thpy (x, — )
+ Zepg (¥ — ) 4+ Thy (v — v) + Zegp (B — W) + Thpp (2, — w)
+ E{Cxxﬂ'_]; - '5'_].'3'3}5}':':E —al+ E{kxxﬂ_].' - k}'xﬂx}{ﬂ —al+ E{crxﬂ'x - cxxﬂ'r]{}g - ﬂ}
+ Z(kypa, — kypa, (8 — B) + E{cl.zu,_. - E‘rzﬂ-_}-}{']:’ -7+ E{k:_.zﬂ.,, - R:rzﬂ-_}-}{'}" —-v)
=k
(56)

_Ixx& - I_].'x.'r-“‘ + Ixxi';+ E{cx_].' By — Cxx E‘_].'}I:-{'c - H] + E:l::'r‘:.r_].' Oy — '[‘:xx E‘_}}{xc 7-{]
+ E{E‘_}.J By — Cxy ﬂJ.}(j‘; — ¥ + E{k:_.}.u.,, L ;.}':_'h: —v)
+ E{C_].'xﬂ': - Cxxﬂ'_}'}{éa: —Wl + E{k_];xﬂ'x — ks B_}-]{Z; —w)
+ El[cr.}. Oy 8y + Cyp Oy By —Cyy Oy — c,_.xu..}.z}[d — i)
+ E{k,_._}. Gy8y + KypBp0r—Kyy 0,0, — Ky ﬂ_}.z}(a —a)
+ E{f"x_].' Oy Oy + Cyg Oyl —Cpx Oy lz — c_}'xﬂ'xz}{ﬁ —ﬁ'}
+ E{kr_]; Gy lly + KyrOy0;—Kyy G0y — k}'xﬂ‘rz}(ﬁ - B)
+ E{cn. BJ-E + 5'.].-_].-3:2 — 2y 0y ﬂ._}.}{i' -yl + E{kn. BJ-E + kyy a,t — zkr_}-ﬂrﬂl-}{']f —¥)

=M,
(57)
where the moment and product of inertia are ¥y = Cpdyp” + Cqlyg” +Crly” (65)
defined by, Czz = cplﬂz + cq..lzqz + e At (66)
Lo = (V2 425 dm 9 Cap = Cphupdyp + Colughyg + Crdupdyr (67)
lyy = JnX* +2%) dm O e = Cphupap + Cohughaq + Crdurdar
L= (¥ + ¥ dm (60) (68)
Iy = XV dm (61)  Cys = Colyphap + Colyghag + 6dydy (69)
o= [ XZ dm (62) the stiffness coefficient are defined by,
Ly = [L¥Z dm ©3) v = hplayt Fhgdyg Ay (70)
Kyy = Kpdyp +kighyg + Rpdyy” (71)

the damping coefficient are defined by,

— 2 2 2
Cyxy = Cplyp 2y cq.}qu. + cpdy z (64) Kzz = ‘[‘p*lxp + kq“lxq' + b dgr (72)



Ky = g dupAyp + Kgdggdye + Ky dr iy

(73)
Ky = kpdypdzp + ko Aygdag + kAo Agy (74)
kys = kpdynlep + kgdygdzg + ke dyy Ay (75)

where 1 is the cosine angle between the principal
elastic axes of the resilient supporting elements and
the coordinate’s axes [3].

MODAL ANALYSIS OF THE FORCED
RESPONSE RESULTS
The force response of a multiple degree of

freedom system can be calculated by using modal
analysis. The equation of motion takes the form,

() #(t) x(t) R (t)

:I-"Et% :E'Et::l] y(t) K (t)

2t #(t z(t E(t

00| + e | + 1) ooy = B oo

() gt B(t) M, (t)

7 () y(£) ¥ (t) M_(t)
(76)

where M is the mass matrix, £ is the damping
matrix and K is the stiffness matrix, & is identity
matrix. The modal analysis uses transformation to
reduce the equation of motion to decoupled modal
equations then they are solves for the individual
force response in the modal coordinate system, and
then they are transformed back to the physical
coordinates system.

In order to solve these equations the modal
analysis method was used. First the matrix of
eigenvectors F was calculated to decouple the

equations of vibrations into six separate equations.
i

The matrices P and M ™2 are used to transformed
the vibration problem between two different
coordinate systems. These procedures is called
modal analysis, because the transformation

i
5=M"z2P is called the matrix of mode shapes

where each column is a mode shape vector, often
called the modal matrix is related to the mode
shapes of the vibrating systems. The matrix

E

i
F=M"2KM™: is called the mass-normalized

i

i
stiffness, and € =M 2CM":
damping matrix.

mass-normalized

i
By letting x(t} = M 2g(t) , and multiplying

i
the x term of Equation (76) by M "2 yields to,

(146 +[€]a® + [Rla@) = M~z BF) (77)

Then, let () = Pr(t), where P is the matrix

of eigenvectors of £. By multiplying this equation

1
by M2 yields to,

#(t) + diag[2{w]#(t) + Ar(t) = PTM_% BF(t)
(78)

The decoupled modal equation takes the form
of,

#(t) + 2[wr(E) + wir(t) = f(£) (79)

The solution is then calculated by
multiplying x(t) =S r(t). The same procedure is
performed with y (£}, z(t), a(t), (), ¥(t) for our
6 degree-of-freedom system.

SIMULATION PROGRAM AND RESULTS

As previously mentioned, the purpose of this
project was to create a Matlab© [4] program that
could generate the vibration motion and properties
of any AHU that is to be design before it is
installed. A Matlab®© [4] program was created and
its results were validated with a more sophisticates
simulation program. For this project, ANSYS
Workbench© R15 [5] was selected for such a task.

Two sets of springs were selected for in order
to validate the program results. For the first
simulation run, a set of four (4) Blue springs with a
stiffness constant of 46 Ib/in. where installed and
for the second run a set of four (4) Brown springs
with a stiffness constant of 133 Ib/in were installed
in the model in order to compare their results. A
sample of both sets of springs is showed on Figure
(2). Both of these springs have a height of 2.75
inches and an outside diameter of 2.0 inches.



For the Blue spring simulation, a motor speed
of 600 RPM was selected. The displacement versus
time response for the Blue springs using the
Matlab®© [4] program is shown in Figure (3a) which
generated a displacement amplitude of 0.04546
inches. The moments generated on the simulated
model obtained in the Matlab© [4] program are
shown on Figure (3b). The amplitude versus
frequency response using the ANSYS Workbench©
[5] program is shown in Figure (4), which
generated a displacement amplitude of 0.0476
inches. Their results are compared on Table (1).

Figure 2
Blue springs and Brown springs used in the Model. [6]

Comparing the Matlab© and ANSYS
Workbench®© results with the theoretical results, the
magnitudes of the displacement distance are very
similar. The error percentage for ANSYS
Workbench© is very small compared to the
Matlab© simulation, although the Matlab©
simulation errors can be accredited to the decimal
approximation within the program.
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Figure 3
Displacement versus Time (a) and Moments versus
Time (b) for the Blue Springs at a Speed of 600 rpm.

The natural frequency on the Matlab© program
gave the same result as the theoretical formula.
With the ANSYS Workbench®© program, the error
is very small which could be attributed to the
weight approximation of the simulated AHU
model.
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Figure 4
Frequency Response in the z-Axis for the Blue Springs

Blue Springs Results
RPM |Wr(rad/s)] r |K(lb/in)] DR
600.00 62.83 1.78 46 0.0573
Theory| ANSYS |%Error| MATLAB|%Error
Max Amplitude (in) 0.0479| 0.0476 | 0.64 | 0.04546| 5.04
Natural Frequency (rad/s) | 35.27 35.08 0.54 | 35.27 | 0.00
Table 1

Blue Springs Results.

For the case of the Brown spring simulation, a
motor speed of 900 RPM was selected. The
displacement versus time response using the
Matlab®© [4] program is shown in Figure (5a) which
generated a displacement amplitude of 0.04975



inches. The moments generated on the simulated
model obtained in the Matlab© [4] program using
the Brown springs are shown on Figure (5b). The
amplitude versus frequency response using the
ANSYS Workbench© program is shown in Figure
(6), which generated a displacement amplitude of
0.046898 inches. Their results are compared on
Table (2).

Once again, comparing the Matlab© [4] and
ANSYS Workbench© [5] results with the
theoretical results retrieve very similar results. The
error percentage for ANSYS Workbench®© [5] and
the Matlab© [4] program simulation are very
similar. The error percentage can be credited to
decimal approximation in the program.
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Displacement versus Time (a) and Moments versus Time (b)
for the Brown Springs at a Speed of 900 rpm.
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Figure 6
Frequency response in the z-axis for the Brown springs.

The natural frequency results from the
Matlab© [4] program gave the same result as the
theoretical formula once again. The ANSYS
Workbench®© [5] program results gave a very small
error when compared with the theoretical formula
which can be attributed to the weight
approximation of the simulated AHU model once
again. Nevertheless, the Matlab© [4] program gave
excellent results.

Brown Springs Results
RPM |Wr(rad/s)] r |K(lb/in)| DR
900.00 | 94.25 1.57 133 0.0890
Theory| ANSYS |%Error| MATLAB|%Error
Max Amplitude (in) 0.0473] 0.0469 0.83 | 0.0498 | 5.20
Natural Frequency (rad/s) | 59.97 59.84 0.23 | 59.97 | 0.00
Table 2

Brown sSprings Results.

CONCLUSIONS

By simulating both, the Blue and Brown spring
systems using the Matlab© [4] computer program
and validating their results using the ANSYS
Workbench®© [5] program, we can conclude that the
Blue springs, at a motor speed of 600 RPM, absorbs
about the same vibrating energy as does the Brown
springs at a motor speed of 900 RPM. By
simulating the same mass with different spring
constants, different damping ratios and different
motor speeds we can conclude that the Matlab© [4]
program is a useful tool for designers and installers
to use in the selection of vibration isolators for
AHU.

For future work, this program can be expanded
to simulate more complex models. It can also be



used to incorporate industrial size chillers, pumps,
fans, enthalpy wheels, etc. and any number of
combination of system that are used in today’s
HVAC industry.

ANSYS Workbench© [4] was a great tool to
use in order to validate the results of the Matlab©
[4] program. Although, the ANSYS Workbench©
[5] program is a very useful and expensive tool, the
same results can be obtained using a least
expensive computer program such as Matlab®© [4]
which can give very similar results to the end user.
This program can be used to predict the behavior
and properties of any designed model before the
actual and final AHU is built and installed saving
time, energy, and most important, money.
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